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Conventions and definitions 
All spaces are Hausdoti, all mappings are continuous. 
The hyperspace of nonempty closed sets of a space X is denoted by H(X), the 
subspace {FE H(X): IFI<2} of H(X) by J*(X). A base for H(X) is the family of 
all sets of the form 
Wk.., &,)={FE H(X): FE U,u- l -u U,,, 
and FnUi#(bforOsisn}, 
where n is any integer and the Ui are open in X. If Lf is a (nonempty) subspace of 
H(X), then a selection for 3’ is a mapping U: Y’+ X satisfying o(F) E F for FE 9. 
A point of a space is 
sequence. 
called a fc-poin t if it is the limit of a nontrivial convergent 
Cardinals are initial ordkrals. If h is a cardinal, A2 denotes the product of A 
copies of 2, the two-point discrete space. 
The following theorem is a special case of a theorem due to Michael [9, 1.91. 
eorem 1. The following conditions on a compact connected space X are equivak?lt: 
(a) W(X) admits a selection; 
(b) J2(X) admits a selection; and 
(c) X is linearly order-able. 
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The implications (c)a(a) and (a)*(b) are trivial, and do not depend on X being 
connected. If a is a selection for &(X), then one can define a binary relation =Z on 
X by: x < y if a({~, y}) = x; in [9,7.2] it is shown that this 6 is a linear order which 
induces the topology of X provided X is compact and connected. An easy example 
on a space with three points shows that G need not be a linear order in general, so 
connectedness is essential for the proof of Theorem 1. 
I do not know, however, if Theorem 1 is false without connectedncss, but I suspect 
it is. I even doubt if (a) and (b) are equivalent (for compact X). The purpose of 
this paper is to give necessary conditions for a compact space to satisfy (b) or a 
weak version of (a) which do require connectedness. 
Theorem 2. If X is countably compact, and if J*(X) admits a selection, then X is 
sequentially compact. 
reposition 3. If J2(X) admits a selection, then X does not include a homeomorph oJP 
the one-point compacti@cation of an uncountable discrete space. 
In particular, if X = /3f+J, or if X = “‘2, then J*(X) does not admit a selection. 
One can identify X with the subspace {{x}: x E X} of X in the natural way. Thus 
a selection for H(X) can be seen as a retraction H(X) + X (but not conversely, 
see Example 6.1). We will show that even the existencr of a surjeciion H(X) + X 
is a very strong property. 
Let Y be a continuous image of H (X) for some compact X. Every Gs-subset 
of Y which contains a nonisolated point of Y contains a K-point of Y. 
As an easy corollary we get the following theorem of Engelking and Pelczynski 
[5, Theorem 31. (A space is called dyadic if it is a continuous image of ‘2 for some 
cardinal A.) 
§ [S]. If PX is dyadic, then X is pseudocompact. 
It is easy to see that Y need not be sequentially compact in Theorem 4, see 
Remark 5.2 or Example 7.2. 
In [33 we study compact spaces X for which there is a retraction J*(X) + X. We 
do not know if such an X must have a K-point, but show that X must have a 
countable relatively discrete subset D in X such that fi # PD. (Note that if X has 
a K-point, there is a countable relatively discrete D in X with ID - 01 = 1.) 
In Sections 6 and 7 we collect examples concerning mappings Jz(X) + X and 
H(X) + X and show that Theorem 4 is best possible in a certain sense. 
In [3] we introduced antiselections, i.e., mappings cy : J,(X) + X such that r(F) & F 
if IFI = 2 and ar( F) E F if IFI = 1, for IFI E J,(X). There is no analogue of Theorem 
2 for antiselections since the property of having an antiselection is productive, SO 
E.K. van Douwen / Mappings from hyperspaces and convergent sequences 37 
‘2 and ‘I (where I is the closed unit interval) have an antiselection but of course 
these products are not sequentially compact. The fact that (a) and (b) of Theorem 
1 are equivalent, at least if X is a continuum, suggests the question of how 
antiselective a mapping a : H(X) + X can be (we obviously have a(X) E X). Our 
last result answers this question; w + 1 is the set of ordinals SW, equipped with the 
order topology. 
6. The following conditions on an infinite space X are equivalent: 
(1) X is homeomorphic to o + 1; 
(2) there is a map a: H(X)+Xsuch that a(F)E Ffor all FE H(X)-(X); 
(3) there is a map a : H(X)+ X such that a(F) g F for all FE H(X)-(X) with 
IFI # 1, and such that a((x)) = x for all x E X; and 
(4) there is a map a: H(X)+X such that a(F)@ Ffor all FE H(X)-(X) with 
IFI # 1. 
Note that a map a as in (3) is a retraction. 
2. 2roof of Theorem 2 
Let a : Jz( X) + X be a selection. For H c_ X let H’ be the set of cluster points of 
H. 
Let A be any infinite subset of X. We have to show that some nontrivial sequence 
of points from A converges. A moment’s reflection shows that it suffices to find an 
infinite H c A such that 1 H’( d 1. 
Without loss of generality A = w, the integers. We will apply Ramsey’s Lemma, 
[lo], cf. [8, A4.61, to find our subset H of w. So recall that if S is any set, then 
[s]*={Tcs: ITI=2} 
and w + (w>s is the statement hat if {PO, P,} is a partition of [u]‘, then there is an 
infinite H c o which is homogeneous for this partition, i.e., [HI* c PO or [HI* c PI. 
Let H be homogeneous for the partition {IT_, P+} of [a]*, defined by 
P_={FE[w]*: a(F)=min(F)}; 
P+ = {F E Lo]*: a(F) - max( F)). 
We claim that IH’I d 1 for this H, so let p, q E H’. Without loss of generality 
u( p, q) = p. Let UP and U, be any two disjoint neighborhoods of p and q. Since 0 
is continuous we can find neighborhoods V” and Vs of p and q such that o*( V,,, V,) !Z 
UP. Since p and q are cluster poinFs of H, we can find i, j E H such that 
iE LJpn V,, jE Uqn V& 
i>j if [HI’s P_, 
Then o({ i, j}) E U, since {i, j} E ( VJ,, V,), and a({ i, j}) E Us since di, j)) = j. 
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Since II,, and I.Jq were arbitrary, it follows that p and 4 do not Save disjoint 
neighborhoods. Hence p = q, as required. 
Let aD = D u {a~} be the one-point compactification of a discrete space D of 
cardinality wl. Since J*( Y) admits a selection if J2(X) does, for every nonempty 
YE X, it suffices to show that J&D) does not admit a selection. 
Let CT : J2( aD) + aD be a selection. Define 
E = {XE D: a((~, cy)}) f 00). 
For eacn x E D choose a finite Fx c D such that 
if x E E, then (I’, CYD - FJ = (x); 
if x L E, then a-((x), CUD - _FK) c CWD - {x}. 
This can be done since a is continuous. 
3.1. There are distinct x, y E D such that x & FY and _y ti Fx, and such that both 
y belong to either E or D - E. 
roof. Let T= E if!E(= or, otherwise let T = D - E. Let S be any countably infinite 
subset of T. Since ITI = wI > w 3 llJsCs F,I, we can find x E T-USES F,. Since IS) = 
o>lFxI, we can find YES-F,. 
Let x and y be as in Claim 3.1. Then 
ix, y) E (1x1, aD - K), ix, VI E ({Yl, cdl - Fy). 
So if x and y both belong to E, then a({~, y}) = x and a({~, y}) = y which is 
impossible since x # y. Hence x and y must both belong to D - E. But then 
a({~, y)) # x and a({~, y}) # y. Consequently u is .r,ot a selection. 
. Claim 3.1 is a special case of a theorem due to Hajnal [7] which has a 
much more difficult proof. 
eore 
We intend to use the following fact, which should be well known: 
If (A, : n E o) is a decreasing sequence of closed sets in the compact 
space X, then (A,: n E w) converges to n,,, A,, in H(X). 
Let f: H(X) + Y be a continuous urjection. Note that H(X) is compact since 
X is, cf. [9, 4.21, hence Y is compaca nd f is a closed mapping. Also note that 
H(A) is a closed subset of H(X) for !9 E H(X). 
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Let G be any Gs-subset of Y which contains a nonisolated point of Y Since Y 
is regular there is a sequence (K,: n E o) of open sets in Y such that 
K,, 2 xn+l for n E o, and if K = n K,,, then K E G. 
REW 
(1) 
Case 1: There is an A E H(X) such that 
1s I{x E K: x is a cluster point off ‘H(A)}1 < w. 
Then one can find a sequence (yn: n E o) of distinct points of f’H( A) with y, E K,, 
for all n E o. Every cluster point of this sequence is a cluster point of f’H(A) that 
lies in K. Hence (y,, : n E o) has only finitely many cluster points. Consequently it 
has a convergent subsequence. 
Case 2: Not Case 1. We will construct a decreasing sequence (A,, : n E o) of closed 
subsets of X such that 
f(A#f(A,) if Osk<n, (2) 
f(An) E K if nal. (3) 
Then (A,: n E o) converges in H(X), so (f(A,J: n E w) converges in Y The limit 
of (f(An): n E w) lies in K because of (1) and (3) and is a K-point because of (2). 
For technical reasons we will subject (A,: n E w) to the following additional 
condition for n E cc) : 
K contains a cluster point of f*H(A,). (4 
We now proceed to the construction of the A,. Clearly K contains a cluster point 
of f’H( X) = Y by (1) (since c denotes proper inclusion), so we put A0 = X. 
Let p Z 1, and suppose Ak to be constructed for 0 6 k < p. 
Since Case 1 does not hold, it follows from (4) that K contains a nonisolated 
pointy off’H(A,,_,) withy #f(Ak j for k<p. Since y is not isolated inf’H(A,_,) 
and since f is a closed map and sincef’H(A,_,) is closed in Y, the set H(A,_,) - 
f’(y) is not closed. Pick any F E U(X) with 
Wfc{y) n U-M,A -f7ul)-. (5) 
Since f(F) = y E Kp - {f(Ak): 0~ k <p), there is a neighborhood U of F in H(X) 
such that 
f’ihK,, (6) 
f(Ak)Ef -0 for 0s k<p. (7) 
We may assume that U has the form ( UO,. . . , Urn), with m E o and the ui open in 
X. Define 
A,,=A,,_,n(&u.. au &,I. 
We claim that this choice for A,, works. Clearly A,, C_ A,_, . 
40 E.K. van Douwen / Mappings from hyperspaces and convergent sequences 
We derive (2) and (3) for n = p from (6) and (7) by showing that A4p E U. Indeed, 
evidently A, c_ Do u - l l u urn, and 
A,n~i~Ap_,n(U,,u~. l uU,)nUiZFnUi#@ forOGj<m, 
since FEH(Ap_,)n(Uo ,..., U,,,), and since i?=(U, ,..., U,,,)-=(&, ,..., U,,,), 
cf. [9, 2.3.21, it follows that Ap E 0 
It remains to prove (4) for n = p. Since U is neighborhood of F, it follows from 
(5) that the point y of K is a cluster point off’( H(A,_,) n U). This implies (4) since 
H(A,_,) n U = #(A,,_,) n( U,,, . . . , U,,J 
~{GEH(A~-,~:G~U,-,~~~~U,,,} 
~{GEH(A,,_~):Gc_@J~~~~,,,}=H(A,). 
This completes the construction of (A,,: n E 0). 
If X is not pseudocompact, then there is a nonempty closed Gs-set G in /3X 
with Gz /3X-X, [6, 61.11; it is well known and easy to prove that no point of G 
is a K-point of PX, seti e.g. [4, proof of 1.33. It follows from Theorem 4 that PX 
tinuous image of H( A2) for any cardinal h. Since obviously 2 is a 
continuous image (and even a retract) of H(2), Theorem 5 therefore follows from 
our next observation. 
Let (XL : I, E I) be a family of normal spaces, and let ITdenote & I Xc. 
tinuous image of H(lI) if each Xc is a continuous image of H(X,). 
ct of H(I?) if each XL is a retract of H(X,). 
let W, : I? + X‘ be the projection, and define pc : H(IP) --, H ( Xc) by 
pC( F) = (VT F)-. One can easily check that p& is continuous since XL is normal, for 
L E I. (I did not check if normality is essential. j If fc : H(X,) + XL is continuous for 
L E I, then one can define a continuous f: H(n) + I7 coordinatewise by 
f(F)‘ =.U PM)) (6 E 0. 
Clearly f is a surjection (a retraction) if each fL is. El 
t follows from Proposition 5.1 that ‘2 is a retract of H(‘2). As it is 
at ‘2 is not sequentially compact, this shows that Theorem 4 cannot 
be improved. 
Recall that we identify X with the subspace {{x}: x E X} of H(X) in the natural 
way. 
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es. A compact space E such that E k a retract of H(E) but .Zz( E) (and 
hence H(E)) does not admit a selection. 
roof. Let E be the space CUD of Section 3. One can define a retraction r : H(E) + E 
bY 
if F = {x} for some x E E, 
9 otherwise. 
We omit the easy proof that t is continuous. cl 
. A metrizable example would be E = [0, 11 x [O, 11, where [0, l] is the 
closed unit interval. This follows from Theorem 1 and Proposition 5.1. Yet another 
example is Example 7.4, or “12, by Proposition 5.1(b). 
6.3. le. A compact space E such that there is a mappingf: Z-Z(E) + E which 
maps J,(E) (and hence also H(E)) onto E, but E is not a retract of J,(E) (leave 
alone of H(E)). 
roof. Let E be the circle. E includes a homeomorph Z of the closed unit interval. 
Then Z is an absolute retract, so there is a retraction r : H(E) + Z. There clearly is 
a continuous surjection s : Z + E. Then f = s 0 r is as required. 
Suppose there were a retraction p : J2( E) + E. Then we can define a continuous 
binary operation * on E by 
x * Y = P(b, Yl). 
This * is a mean, i.e., a commutative idempotent binary operation on E. But Aumann 
has shown that E does not have a mean, [l]. Cl 
6. . In fact one can easily show that if X is any space, then X is a retract 
of .Z2(X) if and only if X admits a mean. 
For convenience we call a space hyadic if it is a continuous image of the hyperspace 
of some compact space. The example c e will present is motivated by a certain 
analogy between hyadic spaces and continuous images of supercompact spaces. (X 
is called supercompact if it has a subbase 9’ such that any cover of by elements 
of 9’ has a subcover of at most 2 elements.) First we observe that both classes 
generalize dyadic spaces. 
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7. sitioo. (a) Every dyadic space is hyadic. (b) Every dyadic space is a con- 
tinuous image of a supercompact space. 
f. Use Proposition 5.1 for (a). Use the fact that a product of supercompact 
spaces is supercompact for (b). Cl 
We actually proved Theorem 5 from Proposition 7.1(a) by showing that Theorem 
4 implies that X must be pseudocompact if /3X is hyadic. A similar proof is given 
in [43: There we prove Theorem 5 from Proposition 7.1(b) by showing that X must 
be pseudocompact if PX is a continuous image of a supercompact space, using the 
following theorem instead of Theorem 4. 
7.2. Theorem [4]. If X is a continuous image of a supercompact space, then every 
countably in$nite subset of X has a limit point that is a K-point of X. 
Clearly the conclusion of Theorem 7.2 is stronger than that of Theorem 4. We 
will show below that Theorem 4 cannot be strengthened. 
In [2] another nontrivial necessary condition for a space to be supercompact was 
given. We define w (weight) and c (cellularity) as usual. 
7.3. eorem [2]. Let Y be (a neighborhood retract of) a superrompact space. If D 
is a dense subspace of Y, then c( Y - D) G w(D). 
We show that there is no analogous result for hyadic spaces. 
. Example. A compact space 2 such that 
(1) E is a retract of H(E); 
(2) there is an uncountable closed subset in E that contains no K-point of E; and 
(3) E has a countable dense set D of isolated points, and c( E - D) = 2”. 
roof. Let E = H@w), where o is the space of integers. Then E is compact of 
course, cf. [9, 4.21. Proposition 7.5 below implies (l), and Proposition 7.7 below 
shows that /30 witnesses (2). 
If SJ is the set of all finite subsets of o, then clearly ZB is a countable dense subset 
of H(@) consisting of isolated points. It is well known that there is a family % of 
open sets in PO with I”211 = 2” such that 
(a) each U E % intersects @J -0; and 
(b) U n VG o for distinct U, VE %, 
cf. [6,64.2-j. Let 7r = {( V) - D: U E 49). Then ‘Y is a family consisting of 2” nonempty 
sets, by (a). Let U, V E % be distinct. Then ( U) n ( V) G D by (b), since no infinite 
subset of w is closed. Hence ‘Jf is pairwise disjoint. This proves (3). a 
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osition. If X is normal, then H(X) is a retract of H( H( X)). 
(We identify FE H(X) with {F} E H( H(X)) of course.) 
roof. Keeping in mind that points in H(Zf(X)) are families of (closed) subsets 
of X, we see that we can define a function r : H(H(X)) + H(X) by 
r( 9) = (LJ F)-. 
One can easily prove that r is continuous; this also follows from [9, 5.3.1 and 
5.7.21. Cl 
This proposition shows that N(X) is hyadic for every compact X, 
whether hyadic or not. On the other hand, “22 is certainly dyadic, yet H(“22) is not 
dyadic, [ 111. 
7.7. Proposition. Zf x E X is a K-point of H( X), then x is a K-point of X. 
roof. Let 9 c H(X) be an infinite set such that every neighborhood of x (i.e., of 
(x)) in H(X) contains all but finitely many members of S. Then every neighborhood 
of x in X includes all but finitely many members of Z Hence in order to prove 
that x is a K-point it suffices to find sequences (Fn : n E o) of distinct elements of 9 
and (xn: n E w) of distinct points of X with x, E F, for n E w. The existence of such 
sequences follows from the fact that a finite set has only finitely many subsets. Cl 
Bell used Theorem 7.3 to prove the following necessary condition that H(X) be 
supercompact. 
7. ositionr. Zf H(X) is supercompact, hen for every closed neighborhood retract 
Y of X and every dense D c Y we have c( Y - D) s w(D). 
We note that Theorem 7.2 and Proposition 7.7 imply the following. 
position. Zf H(X) is a continuous image of a supercompact space, then every 
countable subset of X has a limit point that is a K-point of X. 
So spaces like H@w ) are not even continuous images of a supercompact space. 
This slightly improves a result of Bell [2]. 
(l)+(2). Define a function a:H(o+l)+w+l by 
a(F)=min[(o+l)-(Fno)]. 
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Clearly 
a’(01 = ((0 + 1) - (OI), 
a+{n+l}=((O},..., {nL(~+l)-Wl)), 
a’(n, w] = Wk.. . , bD. 
Hence a is continuous. 
(l)*(3). Define a function a:H(w+l)+w+l by 
& F=(x) for some xE~+l; 
a(F)= 
I 
min(F)-1, 1 F) > 1 and min( F) > 0; 
min[ (w + 1) - (F n w )], 1 FI > 1 and min( F) = 0. 
Clearly 
a-j01 = ((01) n W, [2,4); 
ac(n+1}=((n+l})u({n+2),[n+3,0]) 
u(IOL*., In), (W+l)-In+lI); 
a’(n,o]=((n+l})u([n+2,o])u({O} ,..., {n}j. 
Hence a is continuous. 
(2)+(4) and (3)+(4). Trivial. 
(4)*( 1). Construct a sequence of x, (n ~5 w ) in X as follows: 
x0 and xl are any two distinct points; 
x n+l = a({&), . . . , x,}) if l<n<w. 
Define X,=(x, ,..., x,} (new), and X,= (x,,: n E w}-. Then clearly the Xn con- 
verge to X, in H(X), hence the x, converge to a(X,) in X, therefore XW = 
{x,,: n E w} u { a( Xw )} since X is Hausdoti. Since the x, are pairwise distinct, by 
our assumption on a, it remains to show that XW = X. Indeed, lXWl > 1, and 
a(X,)E(a(X,): l~n<<}-={x,:2~n<w}-EX,. Cl 
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